Abstract. In this paper we discuss the notion of completeness of topologized posets and survey some recent results on closedness properties of complete topologized semilattices.
Introduction
In this paper we discuss a notion of completeness for topologized posets and semilattices. By a poset we understand a set X endowed with a partial order ≤. A topologized poset is a poset endowed with a topology.
A topologized poset X is defined to be complete if each non-empty chain C in X has inf C ∈C and sup C ∈C. More details on this definition can be found in Section 2, where we prove that complete topologized posets can be equivalently defined using directed sets instead of chains.
In Section 4 we study the interplay between complete and chain-compact topologized posets. In Section 6 we survey some known results on the absolute closedness of complete semitopological semilattices and in Section 7 we survey recent results on the closedness of the partial order in complete semitopological semilattices.
The completeness of topologized posets
In this section we define the notion of a complete topologized poset, which is a topological counterpart of the standard notion of a complete poset, see [9] . First we recall some concepts and notations from the theory of partially ordered sets.
A subset C of a poset (X, ≤) is called a chain if any two points x, y ∈ X are comparable in the partial order of X. This can be written as y ∈ x where ↑x := {y ∈ C : x ≤ y}, ↓x := {y ∈ C : y ≤ x}, and x := (↑x) ∪ (↓y).
A subset D of a poset (X, ≤) is called up-directed (resp. down-directed) if for any elements x, y ∈ D there exists an element z ∈ D such that x ≤ z and y ≤ z (resp. z ≤ x and z ≤ y). It is clear that each chain is both up-directed and down-directed.
A poset X is defined to be • up-complete if any non-empty up-directed set D ⊂ X has sup D in X;
• down-complete if any non-empty down-directed set D ⊂ X has inf D in X;
• complete if X is up-complete and down-complete;
• a complete lattice if any non-empty subset A ⊂ X has sup A and inf A in X. In the following definition we introduce topological counterparts of these notions. Definition 2.1. Let κ be a cardinal. A topologized poset X is defined to be
• up-complete (resp. ↑κ-complete) if each non-empty up-directed set D ⊂ X (of cardinality |D| ≤ κ) has sup D ∈D in X; • down-complete (resp. ↓κ-complete) if each non-empty down-directed set D ⊂ X (of cardinality |D| ≤ κ) has inf D ∈D in X; • complete (resp. κ-complete) if X is up-complete and down-complete (resp. ↑κ-complete and ↓κ-complete).
Observe that a poset X is up-complete (resp. down-complete) if it is up-complete (resp. downcomplete) as a topologized poset endowed with the anti-discrete topology {∅, X}. On the other hand, a poset X endowed with the discrete topology is complete if and only if X is chain-finite in the sense that each chain in X is finite. Now we show that up-complete and down-complete topologized posets can be equivalently defined using chains instead of up-directed and down-directed subsets. The following lemma is a topologized version of lemma of Iwamura [7] (cf. [6] , [10] ). Lemma 2.2. Let κ be an infinite cardinal. A topologized poset X is ↑κ-complete if and only if any non-empty chain C ⊂ X of cardinality |C| ≤ κ has sup C ∈C.
Proof. The "only if" part is trivial as each chain is an up-directed subset in X. The "if" part will be proved by transfinite induction.
First we prove the lemma for the cardinal ω. Assume that each countable chain C ⊂ X has sup C ∈C. To prove that X is ↑ω-complete, take any non-empty countable up-directed subset D = {x n } n∈ω in X. Put y 0 := x 0 an for every n ∈ N choose an element y n ∈ D such that y n ≥ x n and y n ≥ y n−1 (such an element y n exists as D is up-directed).
By our assumption, the chain C := {y n } n∈ω has sup C ∈C ⊂D. We claim that sup C is the least upper bound for the set D. Indeed, for any n ∈ ω we get x n ≤ y n ≤ sup D and hence sup C is an upper bound for the set D. On the other hand, each upper bound b for D is an upper bound for C and hence sup C ≤ b. Therefore sup D = sup C ∈C ⊂D. Now assume that for some uncountable cardinal κ we have proved that each up-directed set D of cardinality |D| < κ in X has sup D ∈D if each non-empty chain C ⊂ X of cardinality |C| < κ has sup C ∈C. Assume that each chain C ⊂ X of cardinality |C| ≤ κ has sup C ∈C. To prove that the topologized poset X is a ↑κ-complete, fix any up-directed subset D ⊂ X of cardinality |D| ≤ κ.
Since D is up-directed, there exists a function f : D × D → D assigning to any pair (x, y) ∈ X × X a point f (x, y) ∈ D such that x ≤ f (x, y) and y ≤ f (x, y). Given any subset A ⊂ D, consider the increasing sequence (A n ) n∈ω of subsets of A, defined by the recursive formula A 0 := A and A n+1 := A n ∪ f (A n × A n ) for n ∈ ω. Finally, let A := n∈ω A n and observe that A is an up-directed subset of D. By induction it can be proved that |A n | ≤ max{ω, |A|} for every n ∈ ω, and hence | A | ≤ max{ω, |A|}. Moreover, it can be also shown that for any subsets A ⊂ B of D we have A ⊂ B .
Write the set D as D = {x α } α∈κ . For every β ∈ κ let D β := {x α } α≤β and observe that D β ⊂ D is an up-directed set of cardinality |D β | ≤ max{ω, |β|} < κ. By the inductive assumption, the up-directed set D β has sup D β ∈D β ⊂D. For any ordinals α < β in κ the inclusion D α ⊂ D β implies that sup D α ≤ sup D β . By our assumption, the chain C := {sup D α : α ∈ κ} ⊂D has sup C ∈C ⊂D. It remains to observe that sup C = sup D. Since a poset is up-complete if and only if it is up-complete as a topologized poset with the antidiscrete topology, Corollary 2.3 implies the following known characterization of up-complete posets, see [7] , [6] , [10] . Corollary 2.4. A poset X is up-complete if and only if any non-empty chain C ⊂ X has sup C in X.
We shall say that an up-directed set D in a topologized poset X up-converges to a point x ∈ X if for each neighborhood
Lemma 2.5. Let κ be an infinite cardinal. If a topologized poset X is ↑κ-complete, then each up-directed set D ⊂ X of cardinality |D| ≤ κ up-converges to its sup D.
Proof. To derive a contradiction, assume that some up-directed set D ⊂ X of cardinality |D| ≤ κ does not converge to sup D. Then there exists an open neighborhood U ⊂ X of sup D such that for every d ∈ D the set D ∩ ↑d \ U is not empty. Then the set E := D \ U is directed and cofinal in D. To see that E is directed, take any points x, y ∈ E ⊂ D and find a point z ∈ D with x ≤ z and y ≤ z. Since E is cofinal in D, there exists e ∈ E such that z ≤ e. Then x ≤ e and y ≤ e by the transitivity of the partial order. By the up-completeness of X, the directed set E has sup E ∈Ē. The inclusion E ⊂ D implies that sup E ≤ sup D and the cofinality of E in D that sup E = sup D. Taking into account that E ∩ U = ∅, we obtain a contradiction with sup D = sup E =Ē. This contradiction completes the proof.
We shall say that a down-directed set D in a topologized poset X down-converges to a point x ∈ X if for each neighborhood
Applying Lemmas 2.2, 2.5 to the opposite partial order on a topologized poset, we obtain the following dual versions of these lemmas. Lemma 2.6. Let κ be an infinite cardinal. A topologized poset X is ↓κ-complete if and only if any non-empty chain C ⊂ X of cardinality |C| ≤ κ has inf C ∈C.
Lemma 2.7. Let κ be an infinite cardinal. If a topologized poset X is ↓κ-complete, then each downdirected set D ⊂ X of cardinality |D| ≤ κ down-converges to its inf D.
Lemma 2.6 implies the following two characterizations.
Corollary 2.8. A topologized poset X is down-complete if and only if any non-empty chain C ⊂ X has inf C ∈C in X.
Corollary 2.9. A poset X is down-complete if and only if any non-empty chain
Unifying Corollaries 2.3 and 2.8 we obtain the following useful characterization of completeness of topologized posets. Since a poset is complete if and only if it is complete as a topologized poset with the anti-discrete topology, Corollary 2.10 implies the following (known) characterization of complete posets. Theorem 2.11. A poset X is complete if and only if each non-empty chain C ⊂ X has sup C and inf C in X.
Preserving the completeness by Tychonoff products of topologized posets
Now we prove that the completeness of topologized posets is preserved by Tychonoff products. On the Tychonoff product α∈A X α of topologized posets (X α , ≤ α ) we consider the pointwise partial order
Theorem 3.1. Let κ be an infinite cardinal. The Tychonoff product X := α∈A X α of ↑κ-complete topologized posets X α , α ∈ A, is an ↑κ-complete topologized poset.
Proof. By Lemma 2.2, the ↑κ-completeness of X will follow as soon as we prove that each non-empty chain C ⊂ X of cardinality |C| ≤ κ has sup C ∈C. For every α ∈ A let pr α : X → X α denote the coordinate projection. Since the projection pr α is monotone, the image C α := pr α (C) of the chain C is a chain in X α of cardinality |C α | ≤ |C| ≤ κ. By the ↑κ-completeness of the topologized poset X α , the chain C α has sup C α ∈C α .
Consider the elements c := (sup C α ) α∈A ∈ X. It is clear that c is an upper bound for C. We claim that c = sup C. Indeed, given any other upper bound b = (b α ) α∈A ∈ X of C, we have sup C α ≤ b α for all α ∈ A and hence c ≤ b. So, c = sup C.
It remains to show that c ∈C.
Replacing O c by a smaller neighborhood, we can assume that O c is of the basic form O c = α∈A U α , where the set F = {α ∈ A : U α = X α } is finite. For every α ∈ F the set U α is a neighborhood of sup C α . Applying Lemma 2.5, find a point c ′ α ∈ C such that C α ∩ ↑c ′ α ⊂ U α . Since C is a chain, the finite set {c ′ α : α ∈ F } has a largest element c ′ . For this element we have
, which contradicts the choice of the neighborhood O c .
Applying Theorem 3.1 to the opposite order on a topologized poset, we get the following dual version of Theorem 3.1.
Theorem 3.2. Let κ be an infinite cardinal. The Tychonoff product X := α∈A X α of ↓κ-complete topologized posets X α , α ∈ A, is a ↓κ-complete topologized poset.
Theorems 3.1 and 3.2 imply:
Theorem 3.3. Let κ be an infinite cardinal. The Tychonoff product X := α∈A X α of κ-complete topologized posets X α , α ∈ A, is an κ-complete topologized poset.
Let us also note the following obvious preservation property of complete topologized posets.
Proposition 3.4. If a topologized poset X is complete (resp. up-complete, down-complete), then so is each closed topologized subposet in X.
Interplay between completeness and chain-compactness
In this section we establish the relation between the completeness and chain-compactness of topologized posets.
A topologized poset is defined to be chain-compact if each closed chain in X is compact.
Lemma 4.1. Each complete topologized poset X is chain-compact.
Proof. Given a non-empty closed chain C in a complete topologized poset X, we shall prove that C is compact. Given any open cover U of C, we should find a finite subfamily U ′ ⊂ U such that C ⊂ U ′ . By the down-completeness of X, the closed chain C has inf C ∈C = C, which means that c := inf C is the smallest element of C. Consider the set A ⊂ C consisting of points a ∈ C such that the closed interval [c, a] := {x ∈ C : c ≤ x ≤ a} can be covered by a finite subfamily of the cover U . The set A contains the point c and hence is not empty. By the up-completeness of X, the set A has sup A ∈Ā ⊂C. 
To complete the proof, it suffices to show that C ⊂ U ′ . Assuming that the (closed) set E := C \ U ′ is not empty, we can apply the completeness of X and find inf E ∈Ē = E. Choose any open set U e ∈ U containing the point e := inf E and observe that U ′ ∪ {U e } is a finite subfamily covering the set [c, e], which means that e ∈ A. On the other hand, the (non)inclusion [c, b] ⊂ U ′ ∋ e implies that b < e, which contradicts the equality b = sup A.
Lemma 4.1 can be reversed for ↑↓-compact topologized posets. We define a topologized poset X to be
• ↑-closed if the upper set ↑x of any point x ∈ X is closed in X;
• ↓-closed if the lower set ↓x of any point x ∈ X is closed in X;
• ↓↑-closed if it is ↑-closed and ↓-closed;
• -closed if for any point x ∈ X the set x := ↑x ∪ ↓x is closed in X;
• a pospace if the partial order ≤ is a closed subset of X × X;
• chain-closed if the closure of each chain in X is a chain.
For topologized posets we have the following implications:
The last implication is not entirely trivial and is proved in the following lemma.
Lemma 4.2. Each -closed topologized poset is chain-closed.
Proof. Given a chain C ⊂ X, we should prove that its closureC in X is a chain. Assuming thatC contains two incomparable elements x and y, observe that V x := X \ y is an open neighborhood of x. Since x ∈C, there exists an element z ∈ C ∩ V x . It follows from z / ∈ y that V y = X \ z ⊃ X \ C is an open neighborhood of y, disjoint with C, which is not possible as y ∈C. Theorem 4.3. An ↑↓-closed topologized poset X is complete if and only if it is chain-compact.
Proof. The "only if" part follows from Lemma 4.1. To prove the "only if" part, assume that an ↑↓-closed topologized poset X in chain-compact. To prove that X is complete, take any non-empty chain C. By Lemma 4.2, the closureC of C is a chain in X. By the chain-compactness of X, the closed chain C is compact. By the compactness ofC, the centered family F = {C ∩ ↓x : x ∈C} of closed subsets of C has non-empty intersection, which is a singleton, containing the smallest element s of the compact chainC. It is clear that s is a lower bound for the set C. On the other hand, for any other lower bound b for the set C, we get C ⊂ ↑b and hence s ∈C ⊂ ↑b = ↑b and finally, b ≤ s. So, s = inf C.
By analogy we can prove that the compact chainC has the largest element which coincides with sup C.
Complete topologized semilattices
In this section we study the notion of completeness in the framework of topologized semilattices. By a semilattice we understand a commuative semigroup X of idempotents (the latter means that xx = x for all x ∈ X). Each semilattice X carries a natural partial order ≤ defined by x ≤ y iff xy = x. So, we can consider a semilattice X as a poset such that each non-empty finite subset A = {a 1 , . . . , a n } ⊂ X has inf A = a 1 · · · a n .
By a topologized semilattice we understand a semilattice endowed with a topology. A topologized semilattice X is called a (semi)topological semilattice if the semilattice operation X × X → X, (x, y) → xy = inf{x, y}, is (separately) continuous.
A topologized semilattice is complete (resp. up-complete, down-complete) if it is complete (resp. up-complete, down-complete) as a topologized poset endowed with the natural order, induced by the semilattice operation. By Theorem 2.10, a topologized semilattice X is complete if and only if each non-empty chain C ⊂ X has inf C ∈C and sup C ∈C. Observe that a discrete topological semilattice is complete if and only if it is chain-finite in the sense that each chain in X is finite.
The completeness of topologized semilattices is preserved by many operations. The following two propositions are partial cases of Proposition 3.4 and Theorem 3.3.
Proposition 5.1. Let X be a closed subsemilattice of a topologized semilattice. If Y is complete (resp. up-complete, down-complete), then so is the topologized semilattice X. Proposition 5.2. If topologized semilattices X α , α ∈ A, are complete (resp. up-complete, downcomplete), then so is their Tychonoff product α∈A X α .
A topologized poset X is defined to be weakly ↑-closed if for every x ∈ X we have {x} ⊂ ↑x. It is easy to see that a topologized poset is weakly ↑-closed if it is ↑-closed or satisfies the separation axiom T 1 .
Lemma 5.3. Let κ be an infinite cardinal. Let h : X → Y be a continuous surjective homomorphism from a topologized semilattice X to a weakly ↑-closed topologized semilattice Y . If the topologized semilattice X is down-complete (and ↑κ-complete), then so is the topologized semilattice Y .
Proof. Assume that the topologized semilattice X is down-complete (and ↑κ-complete). By Corollary 2.8 (and Lemma 2.2), the down-completeness (and ↑κ-completeness) of X will follow as soon as we show that each non-empty chain C ⊂ X (of cardinality |C| ≤ κ) has inf C ∈C (and sup C ∈C).
Observe that for every c ∈ C the preimage h −1 (c) is a subsemilattice in X and hence is a downdirected set in X. By the down-completeness of X, it has inf h −1 (c) ∈ h −1 (c) 
It remains to prove that f (inf D) = inf C (and f (sup D) = sup C). The monotonicity of f implies that f (inf D) is a lower bound (and f (sup D) is an upper bound) for f (D) = C. For any lower bound y of C, we get C ⊂ ↑y and Finally, we discuss the relation of the completeness of a topologized semilattice X to the compactness of the the weak • topology W • X , which is generated by the subbase consisting of complements to closed subsemilattices in X. A topologized semilattice X is called W • -compact if its weak • topology W • X is compact. The weak • -topology was introduced and studied in [4] . According to [4, §??] , for any topologized semilattice we have the implications:
These implications combined with Theorem 4.3 yield the following characterization.
Theorem 5.4. For an ↑↓-closed topologized semilattice X the following conditions are equivalent:
(1) X is complete;
Absolute closedness of complete topologized semilattices
Quite often the notion of completeness is connected with the absolute closedness, understood in an appropriate sense. For example, a metric space X is complete if and only if it is closed in each metric space Y , containing X as a metric subspace. A uniform space X is complete if and only if X is closed in each uniform space, containing X as a uniform subspace. A topological group X is complete in its two-sided uniformity if and only if X is closed in any topological group, containing X as a topological subgroup. A similar phenomenon happens in the category of (semi)topological semilattices, see [?] .
Historically the first result in this direction belongs to J.W. Stepp [11] , [12] who proved that any chainfinite semilattice X is closed in each Hausdorff topological semilattice, containing X as a subsemilattice. This result of Stepp was extended in the following two theorems, proved by the authors in [1] . A subset F of a topological space X is called
The following two theorems (implying Theorems 6.1 and 6.2) are proved in [1] . Problem 6.5 has affirmative answer for homomorphisms to sequential semitopological semilattices. We recall that a topological space X is sequential if each sequentially closed subset in X is closed. A subset A of a topological space X is called sequentially closed if A contains the limit points of all sequences {a n } n∈ω ⊂ A that converge in X.
A topological space X is countably tight if for any subset A ⊂ X and point a ∈Ā there exists a countable subset B ⊂ A such that a ∈B. It is well-known [8, 1.7.13(c)] that each subspace of a sequential topological space has countable tightness. The following (non-trivial) result was proved in [3] . Also Problem 6.5 has an affirmative answer for semitopological semilattices satisfying the separation axiom T 2δ (which is stronger than the Hausdorff axiom T 2 but weaker than axiom T 3 1 2 of the functional Hausdorffness).
Let us recall that a topological space X satisfies the separation axiom • T 1 if for any distinct points x, y ∈ X there exists an open set U ⊂ X such that x ∈ U ⊂ X \ {y};
• T 2 if for any distinct points x, y ∈ X there exists an open set U ⊂ X such that x ∈ U ⊂Ū ⊂ X \ {y}; • T 3 if X is a T 1 -space and for any open set V ⊂ X and point x ∈ V there exists an open set U ⊂ X such that x ∈ U ⊂Ū ⊂ V ;
if X is a T 1 -space and for any open set V ⊂ X and point x ∈ V there exists a continuous
if X is a T 1 -space and for any open set V ⊂ X and point x ∈ V there exists a countable family U of closed neighborhoods of x in X such that U ⊂ V ;
Topological spaces satisfying a separation axiom T i are called T i -spaces. The separation axioms T 2δ and T 2δ were introduced in [5] .
The following diagram describes the implications between the separation axioms T i and T i for i ∈ {1, 2, 2δ, 3, 3
Observe that a topological space X satisfies the separation axiom T 3 1 2 if and only if it is functionally Hausdorff in the sense that for any distinct points x, y ∈ X there exists a continuous function f : X → R with f (x) = f (y). Therefore, each functionally Hausdorff space is a T 2δ -space.
The following (non-trivial) result was proved in [5] . Observing that the partial order {(x, y) ∈ X × X : xy = x} of a Haudorff topological semilattice X is a closed subset of X × X we can ask the following problem, considered also in [3] and [5] .
Problem 7.1. Let X be a complete Hausdorff semitopological semilattice. Is the partial order {(x, y) ∈ X × X : xy = x} closed in X × X?
In this section we survey some results giving partial answers to Problem 7.1. The following theorem is proved in [3] . Theorem 7.2. Let X be a countable tight Hausdorff semitopological semilattice. If X is ↓ω-complete and ↑ω 1 -complete, then the partial order {(x, y) ∈ X × X : xy = x} is sequentially closed in X × X.
This theorem implies the following partial answer to Problem 7.1. Corollary 7.3. Let X be a Hausdorff semitopological semilattice whose square X × X is sequential. If X is ↓ω-complete and ↑ω 1 -complete, then the partial order {(x, y) ∈ X × X : xy = x} is closed in X × X.
The following partial answer to Problem 7.1 was given in [5] .
Theorem 7.4. For any complete semitopological semilattice X satisfying the separation axiom T 2δ the partial order {(x, y) ∈ X × X : xy = x} is closed in X × X.
